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ABSTRACT
The increasing complexity and demanding performance re-

quirement of modern automotive propulsion systems necessitate
more intelligent and robust predictive controls. Due to the signif-
icant uncertainties from both unavoidable modeling errors and
probabilistic environmental disturbances, the ability to quantify
the effect of these uncertainties to the system behaviors is of cru-
cial importance to enable advanced control designs for auto-
motive propulsion systems. Furthermore, the quantification of
uncertainty must be computationally efficient such that it can
be conducted in real-time on board a vehicle. However, tradi-
tional uncertainty quantification methods for complicated non-
linear systems, such as Monte Carlo, often rely on sampling — a
computationally prohibitive process for many applications. Pre-
vious research has shown promises of using spectral decomposi-
tion methods such as generalized polynomial chaos to reduce the
online computational cost of uncertainty quantification. How-
ever, such method suffers from scalability and bias issues. This
paper seeks to alleviate these computational bottlenecks by de-
veloping a multifidelity uncertainty quantification method that
combines low-order generalized polynomial chaos with Monte
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Carlo estimation via Control Variates. Results on the mean and
variance estimates of the axle shaft torque show that the pro-
posed method can correct the bias of low-order PCE expansions
while significantly reducing variance compared to pure Monte
Carlo.

INTRODUCTION
Robust online simulations are of great importance in en-

abling predictive control in many automotive systems. This ca-
pability is especially valuable for optimizing performance, ef-
ficiency, durability, and safety of advanced automotive propul-
sion systems with complicated system configurations and the
complex interactions between components. Unfortunately, high-
fidelity models that capture detailed system behaviors are often
too computationally expensive to run on-board a vehicle for con-
trol purposes in real-time. On the other hand, simplified mod-
els often introduce errors and uncertainties that sacrifice the re-
liability of the simulation outcomes. Past research efforts have
shed light upon the challenges in balancing model fidelity and
computational efficiency for real-time simulations of automotive
propulsion systems [1–4], most of which use simplified deter-
ministic propulsion system models. However, there are signif-
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icant uncertainties in these models due to the complex behav-
iors of the hydro-mechanical components, such as torque con-
verters and wet clutches, that cannot be fully captured in simpli-
fied deterministic models. Furthermore, significant uncertainties
in driver inputs and environmental disturbances are unavoidable.
These uncertainties essentially render the systems stochastic. To
address the stochastic nature of the system, this paper adopts a
stochastic model formulation proposed in [5] that directly ac-
counts for various model uncertainties and random driver behav-
iors. The stochastic model is used to achieve robust online sim-
ulations of a typical automotive propulsion system [6]. Uncer-
tainty quantification (UQ) methods are applied to efficiently and
accurately conduct and assess the simulations of the stochastic
model.

Uncertainty quantification of complicated nonlinear systems
can cause significant computational burden as closed-form solu-
tions to the stochastic system dynamics often do not exist. To ad-
dress the UQ of this class of systems, multiple approaches have
been developed in the literature. These approaches can be cate-
gorized into two families of methods: the sampling methods and
non-sampling methods. Sampling methods, such as the Monte
Carlo (MC) and its variants [7, 8], are based on solving an en-
semble of realizations of the stochastic systems. These methods
are generally very flexible and easy to apply to a wide range of
systems. However, the convergence rate is typically low, which
leads to high computational cost in many applications.

Non-sampling methods, on the other hand, do not depend
on drawing samples from the distributions of underlying random
variables. These methods often explore the system structures and
apply approximations to estimate statistical quantities of interest.
Classic examples of non-sampling methods include perturbation
methods [9] and stochastic operator methods [10]. However,
these methods are often limited to either systems with specific
types of governing equations and/or systems under low levels of
uncertainties. To address these limitations, recent efforts in the
literature have focused on developing algorithms using general-
ized Polynomial Chaos (gPC), a spectral-decomposition-based
approach for approximating the statistical moments of random
variables in stochastic systems [11–15]. For estimating smooth
quantities of interests, gPC can be very accurate and fast. Specif-
ically, the efficacy of using gPC for UQ in online simulations
of automotive propulsion systems in certain operating scenarios
was studied in [5]. However, the computational cost of applying
gPC grows exponential with increasing system dimension. As a
result, practical applications of gPC are often restricted to low-
degree PC expansions, which unavoidably introduces biases in
the UQ estimates.

Hence, this research aims to answer the important research
question of whether a small amount of MC samples could al-
leviate the inherent scalability and bias issues of gPC. Specif-
ically, investigations are focused on fusing gPC with MC in a
multifidelity framework to correct the gPC bias without intro-

ducing significant variance. In computational science and engi-
neering, multifidelity techniques have a long and successful his-
tory in leveraging models at different fidelity levels to achieve
more efficient computation for a given accuracy [16–20]. For
UQ methods that employ sampling techniques such as MC, mul-
tifidelity methods seek to reduce the estimator variance. With a
lower estimator variance, fewer samples are needed to achieve
certain estimation accuracy, leading to a reduced computational
cost.

Control Variates (CV) [7, 21–24], a powerful multifidelity
framework, is adopted in this research to combine gPC and MC
for unbiased and low-variance estimation. CV introduce addi-
tional estimators based on low-fidelity models that are correlated
with the original estimator with a high-fidelity model, and has
seen a recent resurgence for UQ problems where the high-fidelity
models can be expensive to evaluate [25, 26]. Recent efforts
in the literature have shown promising results of using gPC in
CV as a means of achieving more efficient UQ [27–29]. How-
ever, none one these early attempts of such approach has studied
its application and efficacy in predictive simulations of dynamic
systems.

The goal of this research is to advance the state of the art
through investigations of the feasibility and efficacy of a CV-
based multifidelity framework that combines gPC and MC in
the UQ for online simulations of automotive propulsion systems.
The remainder of the paper is organized as follows. A system
model suitable for online simulations is developed. Then, the
formulation of the proposed multifidelity UQ method is derived
and its main properties are discussed. Application results of the
proposed method in the problem of interest is then presented,
followed by discussions and conclusions.

SYSTEM MODEL
This paper considers the propulsion system of a conven-

tional vehicle equipped with a internal combustion engine and
a 10-speed automatic transmission [5]. Note that the method de-
veloped in this work can also be adopted by vehicles with hybrid
propulsion systems. Fig. 1 shows the components of the propul-
sion system. The operating scenario of a vehicle launch in first
gear is studied as an example.

Assume rigid body dynamics and treat engine torque de-
mand as an idealized torque source, the equation of motion of
the engine is:

Ieω̇e = (1− re)τe− τim (1)

where Ie, ωe, and τe are the effective moment of inertia, angu-
lar speed, and torque of the engine, respectively; re is the engine
torque reduction ratio; τim is the reaction torque of the impeller
of the torque converter. To capture the naturally probabilistic
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FIGURE 1. Schematic of an automotive propulsion system with a torque convert and a step-ratio automatic transmission. [5]

behavior of the driver, the engine torque demand in Eqn. (1) is
modeled as a linear function with an probabilistic uncertain pa-
rameter:

τe = ut +u0 (2)

where u0 is the initial engine torque demand and u is the rate of
change of engine torque demand modeled as a Gaussian random
variable such that u∼N (µu,σu), where µu and σu are the mean
and standard deviation of u.

The torque converter in Fig. 1 enables hydrodynamic torque
multiplication during vehicle launch and provides torsional vi-
bration absorption between the engine and the drivetrain [30].
Simulations that describe the detailed dynamics of the torque
converter require expensive computational fluid dynamics (CFD)
models, which are not feasible for on-board applications in a ve-
hicle. In this paper, a simplified model for the steady-state dy-
namics of the torque converter with locked stator [31] is adopted:

τim = a0ω
2
im +a1ωimωt +a2ω

2
t (3)

τt = b0ω
2
im +b1ωimωt +b2ω

2
t (4)

where ωim is the angular velocity of the torque converter im-
peller; ωt and τt are the torque converter turbine angular speed
and torque, respectively; a0, a1, a2, b0, b1, and b2 are constants
that can be estimated using test data [6].

During a vehicle launch in first gear, Clutch A, B, and E
are engaged. As vehicle gains speed, the automatic transmission
starts the gear shifting procedure, which involves controlling wet
clutches to achieve a smooth sway of torque path from Clutch E
to Clutch C. This research only considers system dynamics up
until the first phase of this torque swap procedure, namely the
torque phase.

Downstream from the automatic transmission, propulsion
torque is transmitted to the drive wheels via the driveline:

Ivω̇r = τs− τload (5)

where Iv is the effective moment of inertia of the vehicle at drive
wheels; ωw is the angular speed of the drive wheels; τs is the axle
shaft torque; and τload is the load torque exerted on the vehicle
through the drive wheels.

Assuming zero backlash in the drivetrain, the axle shaft
torque can be expressed as:

τs = k(θs−θw)+ c(ωs−ωw) (6)

where k and c are the lumped stiffness and damping in the drive-
train modeled as Gaussian random variables to capture the model
parametric uncertainty of the drivetrain such that k∼N (µk,σk)
and c ∼N (µc,σc); θs and θr are angular displacements of the
axle shaft and drive wheels; ωs and ωr are angular velocities of
the axle shaft and drive wheels.

Given the dynamics of the subsystems, the overall equation
of motion of the system in FIGURE 1 in the aforementioned op-
erating scenario can be summarized as follows:

ω̇e =C11τe +C12ω
2
e +C13ωeωs +C14ω

2
s (7)

ω̇s =C21ω
2
e +C22ωeωs +C23ω

2
s +C24τC +C25τs (8)

ω̇w =C31τs +C32ω
2
w +C33 (9)

τ̇s =C41ωs +C42ωw +C43ω
2
s +C44ωeωs+

C45ω
2
s +C46τC +C47τs +C48ω

2
w +C49

(10)

where τC is the torque capacity of Clutch C and Ci j are lumped
coefficients similar to the formulations described in [6]. The dy-
namics of wet clutch is highly nonlinear. Furthermore, torque
generation of wet clutches is affected by many factors that de-
pend on specific operating conditions [32]. Clutch torque ca-
pacity predictions given by control-oriented models often come
with considerable uncertainty. To account for the uncertainty, the
torque capacity of Clutch C is modeled as follows:

τC = τ̄C +λC (11)

where τ̄C is the predicted torque capacity and λC ∼N (µλC ,σλC)
is an uncertain offset from the predicted values.
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Multifidelity Uncertainty Quantification Using Control
Variates and Generalized Polynomial Chaos

This section describes the proposed method that combines
the sampling method MC and the non-sampling spectral decom-
position method gPC via a CV framework to achieve highly effi-
cient and yet flexible UQ with guaranteed unbiased estimations.

Monte Carlo and Control Variates. Let Q : Rd → R
be a random variable mapping from a vector of inputs to a
scalar valued output. Q is referred to as the high-fidelity model
as it represents the stochastic process of interest exactly. The
MC estimate of the mean µ = E

[
Q
]

using a samples ξξξ =(
ξ (1),ξ (2), · · · ,ξ (N)

)
is:

Q̂MC(ξ ) =
1
N

N

∑
i=1

Q
(
ξ
(i)) (12)

The MC-based linear CV introduces an additional random
variables Q1 with a known mean µ1. This new random variable
represents the solution to a low-fidelity model of the same sys-
tem. Then, CV requires computing another estimate Q̂MC

1 of µ1
using the same samples that were used in Q̂MC. By leveraging
estimates from both the high and low-fidelity models in the fol-
lowing way, CV can achieve a lower overall variances for the CV
estimator:

Q̂CV (α,ξξξ ) = Q̂MC(ξξξ )+α
(
Q̂MC

1 (ξξξ )−µ1
)

(13)

where α is a design parameter called CV weight. The low fi-
delity estimator Q̂MC

1 is also referred to as the Correlated Mean
Estimator (CME). The know mean of the lower-fidelity mode is
referred to as the Control Variate Mean (CVM).

Denote the optimal CV weight α∗, then:

α
∗ = argmin

α
Var

[
Q̂CV

]
(14)

where Var
[
Q̂CV

]
= Var

[
Q̂MC

]
+ α2Var

[
Q̂MC

1

]
+

2αCov
[
Q̂MC, Q̂MC

1

]
. The corresponding optimal estimator

variance is:

Var
[
Q̂CV (α∗)

]
= Var

[
Q̂MC

]
(1−ρ

2) (15)

where ρ ∈ [−1,1] is the Pearson correlation coefficient between
Q̂MC and Q̂MC

1 .
As shown in Eq. (15), the maximum variance reduction is

achieved when the high-fidelity model and low-fidelity model are

perfectly correlated, meaning ρ = 1. On the other hand, there is
no variance reduction over the standard MC estimator if the low-
fidelity model has no correlation with the high-fidelity model.
Therefore, when designing CV estimators, it is important to se-
lect low-fidelity models that are as correlated as the high-fidelity
model as possible.

Generalized Polynomial Chaos. For a dynamic sys-
tem governed by a set of ordinary different equations system with
states x ∈ Rnx , control inputs u ∈ Rnu , and uncertain parameters
represented as a set of random variables ξξξ ∈ Rnξ , the general
equations of motion is:

ẋ(t,ξξξ ) = f
(
x(t,ξξξ ),u(t,ξξξ ), t,ξξξ

)
(16)

where f : Rnx ×Rnu ×Rnξ → Rnx . Instead of drawing samples
from the probability distribution of the uncertain parameters ξξξ ,
gPC utilizes spectral approximation to decompose the system
and expresses the solution to Eqn. (16) as orthogonal polynomi-
als of the input random variables defined on a given probability
space:

x(t,ξξξ ) =
∞

∑
i=0

xi(t)ΦΦΦi(ξξξ ) (17)

where xi(t) is a set of deterministic PC coefficients that are
functions of time and ΦΦΦi(ξξξ ) are a set of polynomial bases that
satisfies the orthogonality condition

∫
S Φn(ξξξ )Φm(ξξξ )w(ξξξ )dξξξ =

γnδmn,∀m,n ∈ {0,1, · · · ,M − 1} with respect to a probability
measure β , where S is the support of β , w(ξξξ ) is the density of β ,
γn =

∫
S Φ2

n(ξξξ )w(ξξξ )dξξξ is a normalization constant, and δmn is a
Kronecker delta function that is equal to 1 when m = n and zero
otherwise.

The expansion in Eq. 17 is exact. However, PC with infinite
number of terms is not practical. Therefore, an estimate of Eq. 17
is obtained by truncate the PC at a finite degree:

x̂(t,ξξξ ) =
M−1

∑
i=0

x̂i(t)ΦΦΦi(ξξξ ) (18)

where M =
(p+nξ )!

nξ ! p! is total number of terms in the PC expansion
and p is the degree at which the PC expansion is truncated. If
x(t,ξξξ ) has bounded variance, the approximate in Eqn. (18) con-
verges exponentially in the L2 sense.

In this paper, gPC is used in an intrusive manner to construct
the equation of motion for the PC coefficients directly. Specifi-
cally, the expansion in Eqn. (18) is applied to the general system

4 Copyright © 2021 by ASME



defined in Eqn. (16) to give the equation of motion of the sys-
tem with respect to the polynomial bases. Then, the stochastic
Galerkin projection technique is used to project the expansion
onto each of the polynomial bases {ΦΦΦi(ξξξ )}, forcing the approx-
imation error to be orthogonal to the functional space spanned
by the basis polynomials. The outcome is a set of deterministic
equations that describes the estimated dynamics of the PC coef-
ficients:

dx̂i(t)
dt

=
〈 f ,ΦΦΦi(ξξξ )〉
〈ΦΦΦ2

i (ξξξ )〉
(19)

Then, the statistical moment estimates, such as mean and vari-
ance, can be retrieved from the solution of Eqn. (19) with mini-
mal computational cost:

µ̂(t) = x̂0(t) (20)

σ̂
2(t) =

M−1

∑
i=1

x̂2
i (t) (21)

As the result in Eqn. (19) contains M−1 coupled determin-
istic ordinary differential equations, the number of coupled equa-
tions that one needs to solve in order to resolve the dynamics of
the PC coefficients grows rapidly with the number of input ran-
dom variables nξ and the truncation degree p. Therefore, in most
real-world applications, PC expansions are truncated at very low
degree of expansion to avoid the rapidly increasing computa-
tional cost. The necessity to keep the truncation degree low un-
avoidably bring biases in the estimates for UQ.

Control Variate Polynomial Chaos (CVPC). In this
section, a multi-fidelity UQ method that combines gPC and MC
using the CV framework is derived. This proposed method ex-
plores synergies between gPC and MC by using samples of PC
expansion bases and deterministic gPC coefficients to estimate
CME while using the analytical solution from gPC to obtain
CVM. The outcome is a method that combines the efficiency of
gPC and the flexibility of MC while guaranteeing unbiased esti-
mates.

Let ξξξ be a set of random variables with finite variances
and probability distributions that is known or can be estimated.
Transformation can be done to include system-dependent statis-
tical characteristics in ξξξ . Then the CV estimator introduced in
Eqn. (13) can be modified to incorporate a gPC model as the
low-fidelity model, giving the one-level CVPC estimator:

Q̂CV PC(α,ξξξ ) = Q̂MC(ξξξ )+α

(
Q̂MC

PC
(
ξξξ
)
− µ̂

)
(22)

where Q̂MC is a MC estimator using the high-fidelity model Q,
Q̂MC

PC (ξξξ ) is a MC estimator that samples the bases of the PC ex-
pansion in a gPC estimator Q̂gPC(t,ξξξ ), and µ̂ is the analytical
mean obtained using gPC. The gPC estimator Q̂gPC(t,ξξξ ) follows
the expansion in Eqn. (18). Q̂MC

PC

(
ξξξ
)

then estimates Q̂gPC(t,ξξξ )
by sampling the bases ΦΦΦi(ξξξ ). Because of the fact that QMC(ξξξ )
and QMC

PC

(
ξξξ
)

share the same underlying random variable and the
fact that the PC expansion is based on the high-fidelity model
Q, the two random variables are highly correlated. As shown in
Eqn. (15), this high correlation will produce large variance re-
duction for the CVPC estimator.

Let the true mean of Q be µ , then the expectation of
Q̂CV PC(α,ξξξ ) can be written as:

E
[
Q̂CV PC(

α,ξξξ
)]

= E
[
Q̂MC(ξξξ )

]
+αE

[
Q̂MC

PC
(
ξξξ
)
− µ̂

]
(23)

Because MC estimators are unbiased, the CME and CVM in
Eqn. 23 cancel out, yielding an unbiased estimator:

E
[
Q̂CV PC(

α,ξξξ
)]

= µ (24)

Given a pair of high-fidelity MC and low-fidelity gPC esti-
mators, the estimator variance of CVPC is a quadratic function
with respect to the CV weight α . Therefore, the optimal CV
weight is:

α
∗ =−

Cov
[
Q̂MC(ξξξ ), Q̂MC

PC

(
ξξξ
)]

Var
[
Q̂MC

PC (ξξξ )
] (25)

The corresponding estimator variance of CVPC is:

Var
[
Q̂CV PC(

α
∗,ξξξ
)]

= Var
[
Q̂MC(ξξξ )

]
(1−ρ

2) (26)

where ρ is the Pearson correlation coefficient between the high-
fidelity MC and low-fidelity gPC estimators.

RESULTS AND DISCUSSIONS
The proposed CVPC estimator in Eqn. (23) is applied to

the automotive propulsion system in a vehicle launch simulation.
Specifically, the lumped stiffness, lumped damping, and the rate
of change in engine torque demand have standard deviations that
are 20% of their respected nominal values. A 10Nm standard
deviation is assigned to the on-coming clutch capacity offset.

A CVPC estimator using a degree-1 gPC and 102 MC sam-
ples of the high-fidelity model is implemented to obtain mean
and variance estimates for the axle shaft torque. The result is
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FIGURE 2. Average mean and variance estimates of the axle shaft
torque obtained from 104 simulation experiments using CVPC. The
CVPC estimator with 102 MC samples and a degree-1 gPC. The result
is compared to the reference solution obtained using a MC estimator
with a sample size of 106. The CVPC delivers average estimates that
matches the reference solution, indicating that CVPC provides unbiased
estimation.

compared to a reference solution obtained using a MC estimator
with 105 samples. As shown in Fig. 2, the average CVPC mean
and variance estimates of the axle shaft torque calculated from
104 simulation experiments match the reference solution, which
indicates the CVPC estimates are unbiased.

The online computational cost of running a CVPC estimator
consists of three parts: a one-time cost for solving for the de-
terministic gPC coefficients; a negligible cost for sampling the
polynomial bases; and the cost for solving the equations of mo-
tion for a small amount of MC sample. In comparison, a MC
estimator often would need orders of magnitude more samples to
achieve a desirable estimation accuracy, which results in signif-
icantly larger online computational cost. The efficiency advan-
tage of CVPC is illustrated in Fig. 3 by comparing the relative
root mean square errors (RMSE) of the estimates to that of a
MC estimator under the same computational budget. As shown
in Fig. 3, CVPC delivers significantly more accurate estimates
compared to the MC estimator given a fixed computational cost.
This efficiency gain is a result of the significant estimator vari-
ance reduction effect that CVPC brings. Furthermore, if an accu-
racy target is given, the estimator variance reduction effect would
allow CVPC to achieve significantly faster computational than a
MC estimator.

CONCLUSIONS
This paper proposes an efficient multifidelity UQ on method

that combines a traditional MC estimator with a gPC estimator
via the variance reduction framework of CV. The efficacy of the
proposed method is demonstrated through the task of estimat-

FIGURE 3. Comparisons between the relative RMSE of the CVPC
estimator and that of a MC estimator under the same computational bud-
get. The CVThePC estimator delivers significantly more accurate UQ
compared to the MC estimator.

ing mean and variance of the state variables of an automotive
propulsion system during a vehicle launch. Through the sim-
ulation study and computational cost analysis, it is shown that
the proposed CVPC method delivers significantly, in some cases
of orders of magnitudes, more efficient UQ, compared to MC.
Furthermore, the CVPC construction guarantees unbiased esti-
mates, addressing the inherent biasing effect of gPC. Overall,
the proposed method indicates significant potentials in delivering
highly efficient uncertainty quantification for automotive propul-
sion systems and others with similar attributes. Future work to
extend the CVPC method include investigating the optimal es-
timator design, the adoption of non-intrusive gPC as the low-
fidelity model, and application of CVPC to stochastic control
systems and reinforcement learning problems.
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